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We investigate the influence on the inflationary predictions from the reheating processes char¬ 
acterized by the e-folding number lV r eh and the effective equation-of-state parameter w re h during 
the reheating phase. For the first time, reheating processes can be constrained in the JV re h — MWi 
plane from Planck 2015. We find that for Higgs inflation with a nonminimal coupling to gravity, 
the predictions are insensitive to the reheating phase for current CMB measurements. We also find 
that the spontaneously broken SUSY inflation and axion monodromy inflation with cp 2 ^ 3 potential, 
which with instantaneous reheating lie outside or at the edge of the 95% confidence region in the 
n s — r plane from Planck 2015 TT,TE,EE+lowP, can well fit the data with the help of reheating 
processes. Future CMB experiments would put strong constraints on reheating processes. 


I. INTRODUCTION 

Models of single-field slow-roll inflation with a stan¬ 
dard kinetic term provide a very good fit to the Planck 
data EDi- In the inflationary scenario, the Universe ex¬ 
pands quasi-exponentially as the scalar field rolls slowly 
along a very flat potential. After inflation ends, the in- 
flaton field oscillates around the minimum of the poten¬ 
tial. During such a period of reheating, the energy in the 
inflaton is transferred to the plasma of standard model 
particles. Reheating is an integral part of inflationary 
models. Without reheating, the Universe after inflation 
would be empty and cold. However, the physics of re¬ 
heating may be more complicated. As pointed out in 
Ref. 0, the equation-of-state parameter changes sharply 
during the reheating phase due to the out-of-equilibrium 
nonlinear dynamics of fields. 

Predictions of slow-roll inflationary models are usually 
derived given a reasonable range for the e-folding number 
TVjnf during inflation. With more and more precise CMB 
measurements mm, it becomes important to consider 
the impact on the inflationary predictions from reheat¬ 
ing processes HU- It is pointed out that the reheating 
processes provide additional constraints on inflationary 
models via the reheating temperature m, and some spe¬ 
cific inflationary models are investigated in Refs. inHsi- 
Although the physics of reheating is highly uncertain and 
unconstrained due to its nonlinear backreaction and non- 
perturbative nature, the reheating phase can in principle 
be characterized by two parameters only: the e-folding 
number A r re h and the effective equation-of-state (EoS) 
parameter w re h- In terms of these two parameters, one 
can express the observable quantities such as the scalar 
spectral index n s and its running a s , the tensor spectral 
index n* and its running at, the tensor-to-scalar ratio r, 
the e-folding number N- In {, and the reheating tempera¬ 
ture T re h- Thus, reheating processes can be constrained 
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in the AT reh —it; reh plane by Planck constraints on n s and 
r. 

Following the approach proposed in Refs. |TMl2l . in 
this paper we study several models of single-field slow-roll 
inflation including Higgs inflation, power-law potential, 
hilltop inflation, natural inflation, spontaneously broken 
(SB) SUSY inflation, and superconformal a-attractors. 
Although the reheating/preheating mechanisms are well 
studied in the Higgs inflation mm, the underlying 
mechanisms of unitarization and stabilization in Higgs 
inflation might have substantial impact on the reheating 
phase, as discussed in Ref. nn. For Higgs inflation, we 
find that the inflationary predictions are insensitive to 
reheating processes given the current precision of CMB 
measurements. The same conclusion is also derived in 
Ref. [T5]. We find that the SB SUSY inflation and power- 
law potential <f > 2 / 3 , which lie outside or at the edge of the 
95% confidence region in the n s — r plane from Planck 
2015 TT,TE,EE+lowP, can well fit the data if reheat¬ 
ing processes are taken into account. However the con¬ 
strained parameter space of reheating processes is still 
very large for most inflationary models due to current 
relatively weak constraints on inflation; future measure¬ 
ments of n s and r will eventually narrow down the pa¬ 
rameter space, thus revealing the physics of the reheating 
era. 

The paper is organized as follows: In Sec. [II] we intro¬ 
duce the effective descriptions of the reheating phase in 
terms of 7V re h and ic re h for single-field slow-roll inflation¬ 
ary models. In Sec. |III| we study some specific inflation¬ 
ary models. Section |Tv| is devoted to conclusions. 


II. DESCRIPTIONS OF THE REHEATING 
PHASE 

First, following the method proposed in Refs. [T0UI2] . 
we derive a formula for the effective number of degrees 
of freedom g re h at the end of the reheating phase. It is 
worth noting that one should not take this literally, since 
most of the observables are insensitive to the precise value 
of g le h due to its logarithmic dependence. However, the 
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derived formula of <7 re h will be essential to carry out the 
inflationary predictions in the A/ e h—w re h plane, which can 
be used to constrain the parameter space of the reheating 
phase to meet the current constraints on inflation. 

The pivot scale is chosen as fc* = 0.05 Mpc -1 , which is 
also expressed by 

7 tt ^end ^reh TT / 1 \ 

k* = a*ii* =-(lj 

&end &reh &0 


which have not been observed or confirmed yet. A more 
conservative way to compute H„ is to use the slow-roll 
equation 

3 Hi = V*. (8) 

Combining 0, §. and Q together gives the final 
formula for the effective number of degrees of freedom at 
the end of the reheating phase: 


In what follows, the current scale factor ao = 1 and all 
quantities with subscript are evaluated at the mo¬ 
ment when the pivot scale crosses the horizon. 

The first two factors of 0 can be computed by 

a * flend _ e -{N,+N reh ) (2) 

^end ^reh 

The third factor of 0 is computed as follows. We 
use the conservation equation of entropy 5reh«r e h^reh = 
5 7 agT^ + = (43/ll)T^ao by noting that p 7 = 2, 

g v = (7/8) x 3 x 2 = 21/4, and T* = (4/11)!/?; here 
we adopt T 1 = 2.7255 K. Thus, the third factor can be 
written as 



x exp 



^^reh 


3-£end \ 3 
810 ) 


- 12 A/ 



(9) 


Next, we apply Q for general single-field slow-roll in¬ 
flationary potential V(<p,p) with only one parameter p 
(for multiparameter inflationary potential, one has to fix 
some of its parameters). The inflation ended when the 
slow-roll condition was broken: 


^(/’end }P) — ^end ^ 0end(p)- (19) 


«reh _ / 43 \ 3 T 7 
a 0 \llg 

reh J Treh 


Once we have the field value of </> en d(p) at the end point 
(3) of inflation, we have the potential energy density at that 
moment: 


where the temperature T re h at the end of the reheating 
phase needs to be properly accounted for. Assuming that 
the whole history during the reheating phase can be ef¬ 
fectively described by the e-folding number A/eh and the 
effective EoS parameter w re h, we are able to relate the 
reheating phase to the inflationary phase via 


Pend — 


"^end? 


Preh — Pend ^ 


3 £ en d 

-3N reh (l+w reh ) 


Preh Preh^reh- 


(4) 

(5) 

( 6 ) 


V(0end(p),P) = Kmdfa)- (H) 

To compute H * via the slow-roll equation 3 H* = 14, one 
requires the field value of <f>* when the pivot scale crosses 
the horizon. This can only be done by inputting Planck 
observations on the scalar power spectrum amplitude via 


A s 


i v{<!>*, p) 
247r 2 e(4>*,p) 




( 12 ) 


Once we know the field value of <f>*(p), we have all the 
information needed to restore = -\/14/3 by 


The inflation ends when the first Hubble hierarchy pa¬ 
rameter 6h = (3/2)(1 +w) = 3 K/(K + V) = e en d; there¬ 
fore the kinetic energy K end = e end 14nd/(3 - e end ); thus 
the total energy density p en d = A' end + 14nd = 314nd/(3- 
£end)- The second equation above comes from direct cal¬ 


culation of p re h = Pend exp (-3 /“”*)( 1 + w reh )d In aj = 


p end e 3Ar reh(i+i« reh )^ Combining the above three equa¬ 


tions gives rise to 


rr t 4 
^ reh 


9014nd 


TT (3 e end )Preh 


0 -3JV re h(l+n; r ah) 


(7) 


Inserting 0 into ^ gives the final expression for the 
third factor of Q. 

The last factor H * is usually fixed by Planck normal¬ 
ization A s = 17*/87r 2 e*, namely 17* = 7T\/r*A s /2. How¬ 
ever, it requires full knowledge on the tensor-to-scalar 
ratio r* and the consistency relation r* = 16e*, both of 


V(0*(p),jP) = V*{p)- 


(13) 


There is one more quantity to complete the evaluations, 
which is the e-folding number during inflation: 


/ 


^*(p) V(d> v) 

W ' P> d(p = N*(p). 


4end (p) y^P) 

Combining ©, ©, and ( fl4| ) together, we have 


Preh (P 7 -^reh? ^reh) 


3 — fiend ^ 3 7T 6 K 6 (P) 
KL (P) 


810 


X exp ( 9 A/ e h ( Wreh ~ J ~ 121 V* (p) ) . 


(14) 


( 15 ) 


Finally, three comments on (151 follow: 
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1. It can be tested that the general formalism pre¬ 
sented above is insensitive to the precise values of 
fend and ffreh due to the logarithmic dependence. 
Therefore, it suffices to take the fiducial values 
e e nd = 1, ffreh = 106.75 for Higgs inflation and 
5 reh = 10 3 for other single-field slow-roll inflation¬ 
ary models. 

2. The w re h = 1/3 case should be seen as the equiva¬ 
lent case A re h = 0 , which presents an instantaneous 
reheating process. We will see in the next section 
that an instantaneous reheating process manifests 
itself as an asymptotic line in the JV re h—w re h plane. 

3. The degeneracy between between the phases is the 
source of the freedom of choices of IV* in the n s —r 
plane. This can be seen from the fact that any shift 
AA* from IV* can be compensated by the shifts 
AJV re h and Aw re h from lV r eh and w re h, provided 
that 9A re hAw r eh T 9AA re h(w r eh T Aic re h v) = 
12 A A*. 


III. REHEATING PHASE DIAGRAM 


We start with the usual n a —r plane. By solving the 
equations 


4, 

A* 


1 v(^*,p) 

247r 2 e(</>*,p) ’ 


V&P) 
(p) Vj,( 4 ,p) 


dcj) 


(16) 

(17) 


with an input value of A s , one can express the field 
value </>*(A^*) and potential parameter p(A*) in terms 
of e-folding number A* during inflation. Hence, the in¬ 
flationary predictions n s (^*(A*),p(A*)) = n s (A*) and 
r(<j>*(N*),p(N*)) = r(A*) can be made with respect to 
A* in the n s — r plane. However, the reheating phase 
variables A re h and w re h cannot be specified in this case 
in the n s —r plane. 

To break the degeneracy between the inflationary 
phase and the reheating phase as mentioned in the pre¬ 
vious section, we propose to solve the equations 


A = i v{<t>*,p) 

s 247T 2 e(0.,p) ’ 
t/reh = t/reh (P- A re h, W r eh) 


(18) 

(19) 


in terms of reheating phase variables A re h and w re h in 
the A re h — w re h plane will be referred as the reheating 
phase diagrams. It can be tested that the reheating 
phase diagrams are insensitive to different input values 

of <?reh- 

What priors should we choose for A re h and w re h in 
general? First, the inflation era ends when the EoS 
parameter equals —1/3, and the radiation era begins 
when the EoS parameter equals 1/3. It seems that w re h 
should be in the range [—1/3,1/3]. However, it is pos¬ 
sible to achieve potential dominance (with its EoS pa¬ 
rameter equal to — 1 ) and kinetic dominance (with its 
EoS parameter equal to 1), assuming a massive inflaton. 
Second, in the n s — r plane, the inflationary predictions 
are usually made by choosing A in f in the range [50,60], 
or more generally [40,70], which is actually degenerated 
with A re h and w re h, because, as mentioned in the last 
section, any shift AA* from A* can be compensated by 
the shifts AA re h and Aw re h from A re h and w re h, provided 
that 9 A re h Aw re h + 9AA r eh(w r eh + Aw re h — 5 ) = 12 A A*. 
Assuming the maximum e-folding number during infla¬ 
tion A* = 70 which can be shifted by AA* = —30, and 
the maximum EoS parameter during reheating w re h = 1 
which can be shifted by Aw re h = —2, one can easily 
work out the minimum e-folding number during reheat¬ 
ing A reh = 0, which can be shifted by 


AAreh = 


12AA* - 9A reh Aw re h 
9 (w r eh T AWreh 3 ) 


= 30. 


( 20 ) 


Therefore, without preknowledge on the reheating phase, 
one can in general choose A re h in the prior [ 0 , 30] and 
Wreh in the prior [—1,1], which will cover A* in the 
range [40,70]. A constant EoS parameter w re h in this 
sense should be viewed as an effective parameter time¬ 
averaging the EoS parameter during the whole reheating 
process. 


A. Reheating phase diagram for Higgs inflation 

In the Higgs inflation, the Higgs field with a large non- 
minimal coupling to Einstein gravity in the Jordan frame 
can give rise to an exponential plateau-like potential in 
the large field region in the Einstein frame where the 
inflaton is defined. The action in the Jordan frame is 

Sj = J (^y^r - l -{dhf - V(h)j , (21) 


with input values of A s and g le h, and the ob¬ 
tained solutions 0* (A re h, w re h) and p(A re h, w re h) 
can be used to express inflationary observables like 
n s (</>*(A re h, Wreh), p(A/-eh, ^reh)) = '^s{-h^TeiiT ^reh)^ 
r(<j>*(N leh , Wreh), p(N leh , Wreh)) = r(N ieh , w re h) in terms 
of reheating phase variables A re h and w re h- Other quan¬ 
tities like A* (p(Areh, Wreh)) = A*(A re h, Wreh) in (m]) 

and T’reh(7 , (Areh, Wreh), A^-eh, Wreh) = 7reh (AVeh ■ W r eh ) in 

Q can also be expressed in terms of reheating phase 
variables A re h and w re h- Expressing various observables 


where V(h) = (A/4)(A 2 — v 2 ) 2 with the vacuum expecta¬ 
tion value (VEV) of electroweak (EW) vacuum v = 246 
GeV. Here the conformal factor 


H 2 


9 ^ = i . £A 2 
9nv M p 


( 22 ) 


and the scalar field redefinition 

/dx\ 2 1 6Mp Zdn\ 

\dh) n 2 n 2 \dh) 


( 23 ) 
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allow us to switch the action into the Einstein frame 
Se = j - \(dxf - U(x)J , (24) 


where the kinetic terms for Einstein gravity and the new 
scalar field are both canonically normalized. The poten¬ 
tial term 


U(x(h)) = 


V(h) 

B 4 


AM 4 


_ ly/A 

\M* Ml J 


can be abbreviated as 


4£ 2 


UUY 
A/p J 


(25) 


u{ X m = 


4 (l + </> 2 ) 2 


= V{$) 


(26) 


by using the dimensionless scalar field 4> = y/^h/Mp and 
the combined parameter Z = A/£ 2 for later convenience. 
Here we ignore v and set Mp = 1 from now on. In the 
large field region h Mp/y 7 ?, one can solve the scalar 


field redefinition (23) to obtain x — VQMp hi \f^h/Mp = 
\J6Mp In (/)■ thus an exponential plateau-like potential in 
the large field region 


C(x) = I 


(l + e-S) 


(27) 


is obtained as promised. The slow-roll dynamics with 
respect to the inflaton \ can be carried out directly by 
computing the slow-roll parameters 


e( 0 ) 

C 2 W>) 


4 1 

3 ( 4> 2 + l ) 2 ’ 

4 1 4 

~ 3</ 2 + 1 + (cj ) 2 + l ) 2 ’ 

16/9 16 64/3 

(</> 2 + l ) 2 “ W+W + (</> 2 + l ) 4 ’ 


(28) 

(29) 

(30) 


the e-folding number during inflation 


N(M = | 



€nd - ln 


1 + 
l + < 



(31) 


the scalar spectral indexes and its running and the tensor- 
to-scalar ratio 


n s {<j)N) = 1 - 


"(<M = 


3 

64 1 


1 


s(^Jv) = - 


3 (^ + 1) 2 ’ 

32 1 


9 (^ + 1) 2 


32 1 

Y(^TTp 


(32) 

(33) 

(34) 


in terms of dimensionless (j). 

The reheating phase diagrams with respect to 
n s , r, a s , Z, T re h, Mnf for Higgs inflation can be shown si¬ 
multaneously in Fig. [ljwith input values of g re h = 106.75 
and ln(10 lo H s ) = 3.094 ± 0.034 from the Planck 2015 


normalization [§]. The dashed contour lines in the last 
panel are due to different input values of ln(10 10 H s ) = 
3.094 ± 0.034 from the Planck 2015 normalization [2j. 
However, the dashed contour lines in other panels are 
too close to the solid contour lines to tell any differ¬ 
ence. Therefore, it suffices to take the mean value for 
ln(10 lo H s ) when other inflationary models are concerned. 
It can be seen in the first panel of Fig. [TJthat almost all 
possible reheating processes are allowed within the la 
region of n s = 0.9645 ± 0.0049 reported by Planck 2015 
TT,TE,EE+lowP |2j. This insensitivity of cosmological 
predictions on the reheating phase can be shown in other 
panels too. Therefore, the cosmological predictions (in¬ 
cluding reheating temperature as already shown in Ref. 
Il'Sj in the n s — r plane) of Higgs inflation are insensitive 
to its reheating processes given the current precision of 
CMB measurements. However, the reheating processes 
should be appreciated for the future measurement of n s 
with refined precision up to 1% and direct detection of 
primordial gravitational waves. 


B. Reheating phase diagram for other models 

The reheating phase diagram can be also built to 
other single-field slow-roll inflationary models. Among 
those inflationary models selected by the Planck Col¬ 
laboration j2], we choose to study power-law potential, 
hilltop inflation, natural inflation, SB SUSY inflation, 
and superconformal a-attractors E/T-models. Since the 
models closest to Higgs inflation (equivalent to R 2 in¬ 
flation to the lowest order in slow-roll approximation at 
tree level) in terms of Bayes evidence are brane infla¬ 
tion and exponential inflation, we expect the outcome 
of these two models would be essentially the same as 
Higgs inflation. From now on, we adopt the fiducial value 
5 re h = 10 3 and the mean value ln(10 lo A s ) = 3.092 from 
Planck 2015 TT,TE,EE+lowP for ACDM+r, of which 
n s = 0.9652lg Qgg 3 and r < 0.106 with 95% limits at 
pivot scale fc* = 0.05 Mpc -1 will be used to constrain 
the reheating phase diagrams. As an aside, the reheat¬ 
ing phase diagrams with respect to the e-folding number 
N- ln f during inflation are also presented for all models. 


1. Power-law potential 


Inflation models with power-law potential [ 19] moti¬ 
vated by axion monodromy mm take values, such as 
p = 4/3,1,2/3 for 

V{(t>) = A 4 </ p . (35) 


The slow-roll approximations give 


<</>) =P 2 /(2/> 2 ), 

(36) 

v(<l>) =p(p-i)/(I> 2 , 

(37) 

0 end = P/"V^2; 

(38) 

4>end)/(2p), 

(39) 
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FIG. 1. Reheating phase diagrams for Higgs inflation. Cosmological predictions of n s , r, a 3 , Z, T re h, iVjnf are drawn with 
respect to phase variables N Te h and w re h- The dashed contour lines in the last panel are due to different input values of 
ln(10 lo ^4 s ) = 3.094 ± 0.034 from the Planck 2015 normalization [2]. It can be shown in the first panel that almost all possible 
reheating processes are allowed within the ler region of n 3 = 0.9645 ± 0.0049 reported by Planck 2015 TT,TE,EE+lowP [5]. 
This insensitivity of cosmological predictions on the reheating phase can also be seen in other panels. 
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which are necessary to carry out their reheating phase 
diagrams in Fig. [2j By requiring 0.9561 < n s < 0.9745 
and r < 0.106 according to current constraints on in¬ 
flation from Planck 2015 TT,TE,EE+lowP [2], one finds 
the parameter spaces of its reheating phase specified by 
the green color in the -/V re h —w re h plane. An interesting 
observation is that inflation models with a larger green 
area have larger Bayes factors, as shown in Table 6 in 
Ref. [2] - It is worth noting that the axion monodromy 
inflation with q i> 2 / 3 potential, which lies at the edge of 
the 95% confidence region in the n s —r plane constrained 
by Planck 2015 TT,TE,EE+lowP, can actually meet the 
current constraints on inflation from Planck 2015 if the 
reheating processes [22] are taken into account. We did 
not present here the reheating phase diagrams for power- 
law potential with p ^ 2, because their reheating phase 
diagrams simply have no green region at all. (To put it in 
other words, the regions allowed for 0.9561 < n s < 0.9745 
and regions allowed for r < 0.106 have no intersection.) 


0.9561 < n s < 0.9745 and r < 0.106 with respect to dif¬ 
ferent values of parameter /i. Larger values of p will cover 
larger parts of parameter space in the N^ — w re h plane. 
However, lower values of p would require more exotic re¬ 
heating processes beyond theoretically reasonable reheat¬ 
ing processes with N ie h ~ 0(1) and w re h £ [—1/3,1/3]. 


3. Natural inflation 


Natural inflation [23] [23] with periodic potential is ex¬ 
pressed by 


V(0) = A 4 


1 + cos 



(46) 


2. Hilltop inflation 

Hilltop inflation [23] with inflationary potential 


As far as only n s , r are concerned, natural inflation seems 
to recover the quadratic chaotic inflation when the scale 
of curvature of the potential / —>■ oo. The slow-roll ap¬ 
proximations give 


V(<t>) = A 4 


1-P 

pp 



(40) 


considered here takes the small field limit /> <C p with 
super-Planckian VEV 7S> 1 - The slow-roll approxima¬ 
tions give 


= = P 2 (<//m) 2p 2 

H 2 2p 2 (1 - (c//p)P ) 2 ’ 
e'i 2pp-l + (^)/p)P 2 

= ht , = i? a - wm ■ 


(41) 


(42) 


/’end = n - l/y/2 + (p - 1)/(4/x) + 0(1/p 2 ), (43) 
in addition with 


N=^ 
2 P 


+ 


(j/N_ 

A 


P~ 2 


/ ^end 

V P 


4>n 

p 


2 —P 


bend 


2-p\ 


(44) 


for p ^ 2 and 


ei (<t>) 
£ 2 (</>) 


bend 


N 


_H_ = 1 sin 2 (<t>/f) 

H 2 2/2(1 +cos (<///)) 2 ’ 
e\ _ 2 1 

He i / 2 1 + cos ((//f) ’ 

'"“(/I)’ 

2 , / l-COs((/end//) \ 

7 n ' v l-cos (<t> N /f))' 


(47) 

(48) 

(49) 

(50) 


which are necessary to carry out their reheating phase 
diagram in Fig. [4] It was constrained at 95% C.L. 
that Planck 2015 favors natural inflation with log 10 / > 
0.84(0.83) for w re h = 0 (allowing w re h to vary). As in the 
case of hilltop inflation, the reheating phase diagram pre¬ 
sented in Fig. [4] slightly loosens the bound on log 10 /, and 
smaller or larger values of / will require more exotic re¬ 
heating processes. However, since there are temporarily 
no observational constraints on reheating phase variables, 
one cannot simply rule out these parameter spaces. 


N = 


4 



f /’end V 0 , f 4>N /P \ 

VT ) 


(45) 


for p = 2. It was constrained at the 95% C.L. that Planck 
2015 favors hilltop inflation with log 10 p > 1.02(1.05) for 
p = 2, Wreh = 0 (allowing u> re h to vary) and log 10 p > 
1.05(1.02) for p = 4, w re h = 0 (allowing w re h to vary). 
However, the reheating phase diagrams for hilltop infla¬ 
tion presented in Fig. [3] slightly loosen the bound on 
log 10 p. Each colored region is specified by requiring 


4- Spontaneously broken SUSY 

Spontaneously broken SUSY inflation [26] is described 
by the potential 

V((j>) = A 4 (1 +a,,, log 4>) 


(51) 
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FIG. 2. Reheating phase diagrams for power-law potential with p = 4/3,1, 2/3 from the top row down. In the left column, the 
green colored region is specified by requiring requiring 0.9561 < n a < 0.9745 and r < 0.106. The reheating phase diagrams 
with respect to IVi n f are also presented in the right column. 















































































































FIG. 3. Reheating phase diagrams for hilltop inflation with p = 2 (first row) and p = 4 (second row). In the left column, each 
colored region is specified by requiring 0.9561 < n s < 0.9745 and r < 0.106 with respect to different values of parameter p. In 
the right column, reheating phase diagrams with respect to JVi n f are presented for the corresponding choices of parameter p as 
in the left column. 


with a flat prior [—2.5,1] for log 10 a^. The slow-roll ap- 

proximations give 


e(0) = 

a l 

2 </> 2 (l + a h log(^) 2 ’ 

(52) 

r){4>) = 

ah 

4 > 2 {l + a h log 4 >)’ 

(53) 

0end = 

V2/^/W(2exp[2/a h \) 1 

(54) 

N = 

(2 _ 4) ~ 



+ 7 (ti V <t>N - </>end ^nd) ■ 

(55) 


SUSY inflation is presented in Fig. [5] As in the case 
of natural inflation, smaller values of ah are allowed if 
one invokes more exotic reheating processes. Although 
SB SUSY inflation lies outside the 95% confidence re¬ 
gion in the n s —r plane constrained by Planck 2015 
TT,TE,EE+lowP, there exist parameter spaces of reheat¬ 
ing phase in the iV re h — w re h plane to accommodate the 
Planck constraints on inflation. Therefore, SB SUSY in¬ 
flation cannot be simply ruled out if the reheating phase 
is taken into account. 


Here W(z) is the Lambert function by definition z = 
W( 2 )exp[W(z)]. The reheating phase diagram for SB 
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FIG. 4. Reheating phase diagrams for natural inflation. In the first panel, each colored region is specified by requiring 
0.9561 < n a < 0.9745 and r < 0.106 with respect to different values of parameter /. In the second panel, the reheating phase 
diagram with respect to N- in { is presented for the corresponding choices of parameter / as in the first panel. 




FIG. 5. Reheating phase diagrams for SB SUSY inflation. In the first panel, each colored region is specified by requiring 
0.9561 < ii 3 < 0.9745 and r < 0.106 with respect to different values of parameter an- In the second panel, the reheating phase 
diagram with respect to A r ; Tl f is presented for the corresponding choices of parameter ah as in the first panel. 


5. a-attractors 

a-attractors E-models m with exponentially flat po¬ 
tential 

U((/>)=A 4 h -e~vwK) (56) 


vary). However, the reheating phase diagram presented 
in Fig. [ 6 ] slightly loosens the bound on a as expected, 
a-attractors T-models m with inflationary potential 


V(c/>) = A 4 tanh 2m 



(57) 


approach the predictions on ( n s ,r ) of quadratic inflation 
for a —> oo and the Starobinsky model (n s = 1 — 2/N, r = 
12/TV 2 ) for a = 1 and a attractors (?i s = 1 — 2/N, r = 0) 
for a —> 0. Planck 2015 favors a-attractors E-models 
with log 10 a 2 < 1 .7(2.0) for w le h = 0 (allowing in re h to 


approach the predictions on ( n s , r) of power-law potential 
< f> 2m for a — > oo and a attractors ( n s = 1 — 2/N, r = 0) for 
a — > 0. Planck 2015 favors a-attractors T-models with 
log 10 a 2 < 2 .3(2.5) for m = l,w re h = 0 (allowing «; reh 
to vary) and 0.2 < m < 1 (m < 1 ) for m ^ l,w re h = 0 
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FIG. 6. Reheating phase diagrams for a-attractors E-model (first row) and T-model (second row) with m = 1. In the left 
column, each colored region is specified by requiring 0.9561 < n s < 0.9745 and r < 0.106 with respect to different values of 
parameter a. In the right column, reheating phase diagrams with respect to JVj n f are presented for the corresponding choices 
of parameter a as in the left column. 


(allowing w le h to vary). However, the reheating phase 
diagram presented in Fig. [6] slightly loosens the bound 
on a as expected. 


IV. CONCLUSIONS 

In the n s —r plane, one usually characterizes the uncer¬ 
tainties from the reheating phase by the choice of free¬ 
dom on the e-folding number of inflation. In this paper, 
we characterize the reheating phase by only two effective 
parameters, fV re h and uy e h ■ Thanks to the fact that ob¬ 
servable quantities are insensitive to the effective number 
of degrees of freedom at the end of reheating phase, we 
are able to express all other inflationary observables in 


terms of the phase variables N le h and w re h. Therefore, 
for the first time we are able to constrain the parame¬ 
ter space of the reheating phase in the JV re h —w re h plane 
with respect to the constraints on inflation from Planck 
2015. For Higgs inflation, the parameter space of the 
reheating phase covers almost all the iV re h — w re h plane, 
indicating that inflationary predictions of Higgs inflation 
are insensitive to its reheating processes given the cur¬ 
rent precision of CMB measurements. However, future 
refined measurements on the scalar spectral index and 
direct detection of primordial gravitational waves will 
constrain the reheating phase variables. For other in¬ 
flationary models selected by the Planck Collaboration, 
the constrained parameter spaces of the reheating phase 
generally loosen the bound on the potential parameters 
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if more exotic reheating processes are allowed. Inflation¬ 
ary models with larger parameter spaces in the reheat¬ 
ing phase diagrams generally appear with larger Bayes 
factors. Since there are only theoretical considerations, 
not observational constraints on the possible reheating 
phase, one cannot simply rule out those parameter spaces 
of the reheating phase with exotic reheating processes 
even if they lie outside the 95% confidence region in the 
n s —r plane constrained by Planck 2015 TT,TE,EE+lowP. 
Only those inflationary models with no allowed parame¬ 
ter space of the reheating phase in the Web — w re i, plane 
can be certainly ruled out. 

It should be acknowledged that in the case of warm 
inflation scenarios [29], a separate reheating phase is 
not necessary [50] . Unlike the standard scenarios, where 
the inflaton field has to be coupled to other degrees of 
freedom in order to transfer its vacuum energy to reheat 
the Universe until the radiation era finally takes over, 
the inflaton field could slowly dissipate its kinetic energy 
into radiation; thus, the relative abundance of radiation 
may slowly increase during the inflation phase until it 
smoothly takes over. When taking these dissipative ef¬ 
fects into consideration, one can actually accommodate, 
for example, the A</> 4 model, with the Planck data for a 


nearly thermalized state in a supersymmetric realization 
of warm inflation with renormalizable interactions [31) . 
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Note added Reference [T5] recently showed up on 
arXiv. We both follow the same method to study a simi¬ 
lar problem for Higgs inflation but with different angles. 
We characterize the reheating phase with W-eh and ic re h 
and express every other observable in terms of these two 
phase variables. The impact from various reheating pro¬ 
cesses on the inflationary predictions can be shown with 
respect to not only the reheating temperature but also 
other cosmological observables. We further study other 
inflationary models selected by the Planck Collaboration 
and find that the reheating phase diagram can be used 
to constrain the parameter space of the reheating phase 
to meet current constraints on inflation. 
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